We explain recent experimental observations on effective charge of edge states tunneling through a quantum point contact in the weak backscattering regime. We focus on the behavior of the excess noise and on the effective tunneling charge as a function of temperature and voltage. By introducing a minimal hierarchical model different filling factors, ν = p/(2p + 1), in the Jain sequence are treated on equal footing, in presence also of non-universal interactions. The agreement found with the experiments for ν = 2/3 and ν = 2/5 reinforces the description of tunneling of bunching of quasiparticles at low energies and quantitatively defines the condition under which one expects to measure the fundamental quasiparticle charge. We propose high-order current cumulant measurement to cross-check the validity of the above scenario and to better clarify the peculiar temperature behavior of the effective charges measured in the experiments.
I. INTRODUCTION
Fractional quantum Hall effect represents one of the most important examples of strongly correlated electron system 1 . In the bulk, quasiparticle (qp) excitations are predicted to have fractional charge 2 which, e.g., for filling factor in the Jain series, ν = p/(2p + 1) (p ∈ Z), is e * = e(ν/|p|). At the edge 3-5 the identification of these charge excitations seems more complicated. Indeed, while in the past measurements of current noise through quantum point contacts (QPC), in the weak backscattering regime, confirmed the tunneling of singleqp 6, 7 , recently, new measurements have demonstrated the possibility of tunneling charges multiple of the fundamental charge. The condition to observe a bunching of qp depends on the external parameters such as temperature and voltage. Measurements 8 carried out for the Jain series (p = 2, 3), at extremely low temperatures, show an effective charge equal to e eff = νe, which, only by increasing the temperature, decreases to the fundamental value e eff = e * . Last year, experimental results for filling factor ν = 2/3 (p = −2) appeared 9 , showing a similar crossover. This common trend was very recently verified also for filling factor outside the Jain series belonging to fractional values in the second Landau level 10 .
In addition to the bunching phenomena peculiar behavior also appears in the backscattering current at high transparencies. For example for ν = 1/3, the current was found to increase with temperature 8, 11 instead of decrease as theoretically predicted 12 . This support the indication of a non-universal renormalization of the tunneling exponents induced by the presence of edge interaction with external environment 13 , electron-electron interaction 14, 15 and edge reconstruction 16, 17 .
In order to describe the Jain sequence different models were proposed with the common requirement of the presence of neutral modes in order to fulfill the statistical properties. One could have |p|−1 neutral fields propagating at finite velocity along the edge [18] [19] [20] , or only two or one -for infinite edges -additional modes with zero 21, 22 or finite velocity 23 . A peculiar characteristic, associated to the neutral modes is their direction of propagation with respect to the charged mode. Depending on the sign of p and the theoretical model, there is the possibility to have co-propagating or counter-propagating neutral modes.
The tendency of bunching of qp at low temperature and weak backscattering was underlined in theory for the hierarchy of the Jain sequence 19, 20, 23 . In Ref. 23 we pointed out the role of propagating neutral modes in order to fully describe the experimental data 8 for p > 1. By comparing with experiments for ν = 2/5 it was indeed possible to estimate the energy bandwidth of neutral modes.
Despite the presence of different proposals on the direct detection of neutral modes [23] [24] [25] [26] [27] [28] [29] [30] , experiments addressed this issue only recently 31, 32 .
In this paper we present a minimal hierarchical model able to include all the essential features of the above different proposal using few free parameters. This allows to explain, in an unified background, the experimental results of tunneling of effective charges in a standard quantum point contact geometry at extremely high transmission 8, 9 . The dependence of the excess noise on the external parameters such as the voltage and the temperature is quantitatively analyzed. The flexibility of the proposed model resides on the possibility to link the results obtained in the presence of counter-propagating or co-propagating neutral modes. We demonstrate that both cases reproduce the experimental results using a proper choice of the fitting parameters.
We also propose the skewness, namely the normalized third backscattering current cumulant, as a measurable quantity [33] [34] [35] [36] [37] [38] able to give independent information on the nature of the carriers. This quantity is a good estimator of the crossover in the tunneling between the bunch-ing of qp and the fundamental charge. We show that this quantity can be directly compared with the effective charge measured in the experiments by fitting the excess noise, as a function of the bias voltage, at fixed values of temperature.
II. MODEL
We consider infinite edge states of an Hall bar with filling factor in the Jain series ν = p/(2p + 1) (p ∈ Z). The model adopted is a minimal one with two decoupled bosonic fields, one charged ϕ c and one neutral ϕ n . The Euclidean free action is ( = 1, k B = 1)
with β = T −1 the inverse temperature and v c , v n the propagation velocities of charge and neutral modes respectively.
The former is affected by Coulomb interactions 39, 40 such that v c ≫ v n 23 . We consider neutral modes co-propagating (ξ = +1) or counterpropagating (ξ = −1) with respect to the charged one. This choice allows a unified description of different hierarchical models. For ξ = sgn(p) one recovers the restricted model of Lee and Wen 41 (LW), where the |p| − 1 neutral modes are described in terms of a single one. While for ξ = −sgn(p) one obtains the generalized Fradkin-Lopez model 21, 23, 29, 42 (GFL) with a single neutral mode propagating at finite velocity instead of a topological one 21 . The commutators of the bosonic fields are [ϕ c/n (x), ϕ c/n (y)] = iπν c/n sgn(x − y) with ν c = ν and ν n = ξ. The electron number density depends on the charged field only, via the relation ρ(x) = ∂ x ϕ c (x)/2π. Edge excitations. In the hierarchical theories admissible edge excitations have a well defined charge and statistics 18, 21 . There are single-qp excitations with charge e * with e * = (ν/|p|)e and multiple qp-excitations with charge me * (m ∈ N) 43 . Their statistics is fractional with statistical angle
In addition, the phase acquired by any excitation in a loop around an electron must be an integer multiple of 2π 29, 45, 46 . Using the bosonization technique and imposing the above constraints, one can write the m-multiple excitation operator
with a cut-off length, s ∈ N and 0 ≤ d ≤ |p| − 1 such that m = s|p| + d. The integer q is an additional quantum number associated to the freedom of add 2π to the statistical angle 29 . The operator F (m,q) changes the number of m-agglomerates on the edge and ensures the right statistical properties between different q-values and different edges 29 . It can be neglected in the sequential tunneling regime 29, 47, 48 . The most general expression for an excitation with charge me * will be then given by a superposition of the above operator with different q values 5, 29 . Relevant excitations. The scaling dimension associated to an (m, q)-excitation is extracted from the long time limit of the two-point imaginary time Green's function
Here, ω c,n = v c,n /a are the energy bandwidth and satisfy ω n ≪ ω c . The first term in (4) is due to the charged mode, while the second is related to the neutral one. The parameters g c and g n are introduced to take into account possible interaction effects due to the external environment [13] [14] [15] [16] . It is worth to note that the two models considered, with ξ = ±sgn(p), differ in the neutral mode contribution only. However, introducing neutral renormalization parameters g LW n and g GFL n for the LW and the GFL model respectively, one can map the two cases via the substitution
Operators with the minimal scaling dimension are the most relevant and dominate the transport properties at low energies E ≪ ω n , ω c 23,29,49 . In the unrenormalized case (g c = g n = 1) the two most dominant excitations have always q = 0. They correspond to the agglomerate with m = |p| (d = 0, s = 1) and to the single-qp with m = 1 (d = 1, s = 0). The corresponding scaling are
Note that among these two, the |p|-agglomerate is always the most relevant since ∆
with the only exception for ν = 2/3 in the LW model (ξ = −1), where both have equal scaling 18, 20 . At higher energies ω n ≪ E ≪ ω c the neutral mode saturates and does not contribute to the scaling ∆ m , which consequently depends on the charged mode only with a value ∆ eff m = νm 2 /2p 2 . Here, the single-qp (m = 1) always dominate. This implies the possibility of a crossover regime from low energies (relevance of |p|-agglomerates) to higher energies (relevance of single-qp). In the presence of interactions, Eq. (4) shows the relevance of the |p|-agglomerate at low energies if g n /g c > ν(1 + ξ/p), otherwise the single-qp will always dominate.
III. TRANSPORT PROPERTIES
Tunneling of a bunched m-excitations through the QPC located at x = 0 is described by H 
since the statistics is bidirectional Poissonian 50 . The current is proportional to the tunneling rate Γ (m) (E) as 
with r = c, n and Γ(x) the Euler Gamma function. The rate is obtained by numerically evaluating (8) apart at zero temperature where analytical results are available 23 . At lowest order, tunneling processes of different excitations are independent. The contributions of different excitations are then simply summed. In our case, the total k-th order cumulant will be given by the sum of the most relevant processes I B k = I 
where, for simplicity, we denoted I B ≡ I B 1 . Among higher cumulants, backscattering current noise is an essential quantity in order to extract information on charge excitations. It consists of the excess backscattered noise S exc , due to finite current, and the thermal JohnsonNyquist noise
with G B the total backscattering conductance 52 . Note that, at lowest order in tunneling, the backscattered excess noise coincides with the transmitted excess noise which is usually measured in experiments 53, 54 . For this reason, treating the high transmission regime, we will analyze S exc and we will compare it with experiments.
Often in experiments it is introduced the effective charge, e eff (T ), defined as the single carrier that better fits the excess noise at a given temperature T
8,9
S exc = e eff (T ) coth e eff (T )V 2T
(12) One has to be aware that this quantity has a clear meaning of real tunneling charge when is guaranteed the presence of a single dominant carrier, otherwise it represents a weighted average of different carriers. Its value strongly depends on the voltage range considered.
In the shot noise regime e * V ≫ T it is e sh eff = e * I
(1)
In the opposite regime, e * V < T , often considered in experiments, it can be deduced from the behavior of (12) in the limit V → 0
. (14) IUsing the relation (7) this effective charge can be equivalently expressed in terms of the third order cumulant 
This corresponds to the square root of the normalized skewness at zero voltage 29 and it can be interpreted as the definition of the effective charge in the thermal regime. This quantity can be compared with the effective charge measured in the experiments as a function of temperature.
IV. RESULTS
In this part we will focus on the comparison with available experimental data for ν = 2/5 (p = 2) and ν = 2/3 (p = −2). Parameters are chosen in order to guarantee a crossover between the |p|-agglomerate at low energies and the single-qp at higher energies. Figures and fitting will be presented for the LW model ξ = sgn(p), which corresponds to a counter-propagating (co-propagating) neutral mode for ν = 2/3 (ν = 2/5). The opposite case of ξ = −sgn(p) (GFL model) is straighforwardly obtained using the mapping (5) .
At low temperature T ≪ e * V (shot noise regime) the total current and the excess noise show similar power law behavior I B ∝ V η−1 , S exc ∝ V η−1 with scaling exponent η depending on the voltage regimes (see below)
For V ≪ V * , |p|-agglomerates dominate with η = η 1 . At higher voltages, V * ≪ V ≪ ω n /e * single-qps become more relevant and neutral modes contribute to the dynamics with η = η 2 . At even higher bias V ≫ ω n /e * the neutral modes saturate giving η = η 3 . The crossover voltage V * is defined as the bias at which the two current contributions are equal I
The explicit value depends on intrinsic parameters such as the ratio of the tunneling amplitudes γ 2 /γ 1 29 . At higher temperature T ≫ e * V (thermal regime) the current is linear in voltage with a temperature dependent total backscattering conductance G B (T ) ∝ T η−2 . The scaling exponent varies as function of temperature, with η = η 1 for T ≪ T * , η = η 2 for T * ≪ T ≪ ω n , and η = η 3 for T ≫ ω n . The crossover temperature T * separates the region of relevance between the |p|-agglomerate and the single-qp in the linear conductance. Its value depends explicitly on the model parameters such as interaction renormalizations and amplitude ratio γ 2 /γ 1 . It corresponds to the value where
B (T * ). In the same regime the excess noise is quadratic in the bias S exc ∝ V 2 . Fig. 1a shows the excess noise and the QPC transmission as a function of the external voltage for ν = 2/3 at extremely low temperature T = 10 mK. The parameters are chosen in order to fit the experimental data (black diamonds) 9 . The voltages considered are mainly in the shot noise regime, e * V > T . The excess noise shows an almost linear behavior until very small voltages with a single power law. We then select the m = |p| = 2 contribution, which is the relevant at low energies, with S exc ∝ V η1−1 and e sh eff = 2e/3. The fit of the experimental data fixes the interaction to g c = 1.6 (cf. Eq. (16)). This value is also used to plot the transmission in (10) as shown in the inset. A good agreement with the data is visible. Note that having considered the contribution of the |p|-agglomerate it fixes a lower bound to the crossover voltage that has to be higher than the voltage's window considered V * > 70µV. In order to obtain informations on the single-qp one should investigate higher voltage or temperature regimes. In Fig.1b , main panel, we show the expected higher temperature noise for T = 80 mK. For V ≪ T /e * ≈ 21µV the parabolic behavior of the thermal excess noise is visible. In the same regime the current is linear in voltage with a temperature dependent conductance (see inset). Here, the temperature range is chosen in order to show the first two scaling regimes: from η 1 (|p|-agglomerate) to η 2 (single-qp), indeed we have T * = 42 mK. Note that the noise behavior in the main figure is at T > T * , where single-qp tunneling processes dominate. This is confirmed by the value of effective charge given by e th eff = e/3. The above results demonstrates that the value of the effective tunneling charge crucially depends on the external parameters such as temperature and voltage.
This point can be further analyzed by considering the temperature dependence of the effective charge at low voltages, e * V < T . Fig. 2 shows e th eff , evaluated using the expression (15) , for different values of the tunneling amplitude ratio γ 2 /γ 1 between a bunch of two qps (γ 2 ) and a single qp (γ 1 ). At low temperatures, the effective charge corresponds to the |p| = 2 agglomerate with e th eff = νe, while, increasing temperature, it reaches the singleqp value e th eff = νe/|p|. The crossover region between the two regimes is driven by T * which increases increasing the ratio of γ 2 /γ 1 .
We conclude the comparison with experiments by considering the effective charge for filling factor ν = 2/5 where experimental data are available. This case was discussed in Ref. 23 where model parameters were fixed by fitting the temperature dependence of the linear conductance. Here we focus on the temperature behavior of the effective charge. Fig. 3 shows the evolution of e th eff as a function of temperature. The agreement with the corresponding quantity measured in Ref. 8 (black diamonds) is very good and reinforces the crossover scenario of tunneling from single-qps to agglomerates at sufficiently low temperature. Note that for the above fit we used the parameters fixed in Ref. 23 for the linear conductance. They are however here expressed for the LW model with co-propagating neutral and charged modes 23 .
V. CONCLUSION
We proposed a minimal hierarchical model which fully explains recent experimental observations on excess noise at low temperatures and weak backscattering. The meaning of the effective charge and its temperature dependence was analyzed in comparison with the available experimental data. A quantitative analysis of the dependence of noise and effective charge on external parameters was performed. Evidence of neutral modes propagating with finite velocity and quantitative value of the corresponding bandwidth were extracted.
Our results show that the increasing of the effective charges, observed in experiments at extremely low temperatures for the Jain sequence, can be well explained in terms of the dominance of the |p|-agglomerates over the single-qp contribution. Only at sufficiently high energies the single-qp dominance is again recovered. We expect that the described crossover could be also relevant for other filling factors, outside of the Jain sequence, where anomalous increasing of the effective charges is also observed 10 . As a final remark we note that within the analyzed geometry with a point-like scatterer we cannot shed light on the propagation direction of the neutral modes, but only on their presence. The fit of the experiments were done using the value ξ = sgn(p) (LW model), which corresponds to a counter-propagating neutral mode for ν = 2/3 in accordance with recent observations 32 . However, one could have fit as well the data in the other case with ξ = −sgn(p) (GFL model) with a co-propagating neutral mode for ν = 2/3, simply changing the interaction parameters (cf. Eq. (5)). Anyway, to have information on the direction of propagation one should consider more complicated geometries such as the four terminal steup recently addressed in experiments 32 .
